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Given a positive definite, bounded linear operator 4 on the Hilbert space Hy := I?(E),
we consider a reproducing kernel Hilbert space H . with a reproducing kernel A(x, y).
Here E is any countable set and A(x, y), x, y € E, is the representation of 4 w.r.t. the
usual basis of Hy. Imposing further conditions on the operator 4, we also consider
another reproducing kernel Hilbert space H_ with a kernel function B(x, y), which is
the representation of the inverse of 4 in a sense, so that H_ D> Hy O H4+ becomes a
rigged Hilbert space. We investigate the ratios of determinants of some partial matrices
of 4 and B. We also get a variational principle on the limit ratios of these values.
We apply this relation to show the Gibbsianness of the determinantal point process (or
fermion point process) defined by the operator A(7 4+ A)~! on the set E.

KEY WORDS: Reproducing kernel Hilbert space, determinantal point process, Gibbs
measure, interaction
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1. INTRODUCTION

In this paper we will consider certain variational principle arising in the dual pair
of reproducing kernel Hilbert spaces (abbreviated RKHS’s hereafter). Then we
will find an application in showing the Gibbsianness of some determinantal point
processes (in short DPP’s) in discrete spaces.

Let E be any countable set, e.g., E = Zd, the d-dimensional lattice space. Let
Hy := [*(E) be the Hilbert space of square summable functions (sequences) on E.
Let A be abounded and positive definite operator on Hy, and let A(x, y),x,y € E,
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be the matrix elements of 4 w.r.t. the usual basis. We emphasize that 4 may have
0 in its spectrum. Imposing suitable conditions on A, we will get another matrix
elements B(x, y), which is roughly the representation of 4!, though 4~! may
be an unbounded operator. We let H . and H_ be the RKHS’s with reproducing
kernels (abbreviated RK’s) A(x, y) and B(x, y), respectively.

The variational principle we will address is about the ratios of determinants of
the partial matrices of A(x, y) and B(x, y). Equivalently, it is about the projections
of a fixed vector in the subspaces of H_ and H, (Theorem 2.4).

The variational principle will be applied to show the Gibbsianness of a
DPP defined by the operator A(/ + 4)~'. In fact, the variational principle will
guarantee the existence of global Papangelou intensity (Theorem 2.6). This proves
the Gibbsianness of the DPP and we will give a proper interaction potential, and
show also the uniqueness of the Gibbs measure (Theorem 2.7).

We remark here that the main idea in showing the Gibbsianness has been
borrowed from Ref. 13. We should, however, point out that since the operators 4
dealt with in Ref. 13 are strictly positive, there is a severe restriction in applications.
For example, if 4 is a diagonal matrix with diagonal elements «, > 0 that decrease
tozeroasx — oo (welet £ = Z or N), then the DPP corresponding to the operator
A(I + A)~! is clearly a Gibbs measure for the system with potential energy

V(E)=—) logay, & finite. (1.1)

xeé

Even this kind of simple example lies outside the regime of Ref. 13. This paper
improves Ref. 13 (in regard of Gibbsianness of DPP’) in that our setting includes
more general classes as well as the above example.

At the time of submission of this paper the author was informed that
Shirai and Takahashi also obtained a similar result for the variational principle,
Theorem 2.4.1¥ They introduced quadratic forms for the dual relation.

This paper is organized as follows. In Sec. 2, we introduce the basics of the
RKHS’s (Sec. 2.1) and DPP’s (Sec. 2.2), and then give the main results (Sec. 2.3).
Section 3 is devoted to the proof of variational principle, Theorem 2.4. In Sec. 4,
we first prove the existence of the global Papangelou intensity, Theorem 2.6. Then
we prove the Gibbsianness and its uniqueness, Theorem 2.7. In the Appendix, we
provide with some examples.

2. PRELIMINARIES AND MAIN RESULTS

In this Section we review some basics of RKHS’s and DPP’s. Then we state
the main results of the paper.
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2.1. Reproducing Kernel Hilbert Spaces

For our convenience, we start from a Hermitian positive definite bounded
linear operator 4 on the complex Hilbert space H, := [>(E) equipped with the
usual inner product

(f g =) f()gkx), [f.geH. 1)

xek

Here E is any countable set. Throughout this paper we assume that the kernel
space of A is trivial: ker4 = {0}. Then, since ran4 = (ker4*)* = (kerd)* = H,,
the range of A4 is dense in Hy. Let B = {e, : x € E} be the usual basis of Hy, i.c.,
e, € Hy is the unit vector whose component is one at x and zero at all other sites.
Let A(x, y), x, y € E, be the matrix elements of the operator 4 w.r.t. the basis B:

A(x,y) == (ex, Aey)o, x,y € E. (2.2)

On the dense subspace ranA4, we define a new inner product as
(f,9)+ = (f, A7), f g ecrand. (2.3)
Denote by || - ||+ the resulting norm and let . be the completion of ran4 w.r.t.

| - II5+. We notice that 7, is a RKHS (-1 with kernel function A(x, y), that is, the
following defining conditions are satisfied:

(i) For every x € E, the function A(-, x) belongs to H.,
(i) The reproducing property: for every x € E and g€ H,;, gx)=

(A(, x), &)+
Let us now consider another Hilbert space H_ which is the closure of H
w.r.t. the norm || - |- induced by the inner product:
(f.8)- = (/. 480, f.g € Ho. (2.4)
By the boundedness of 4 we have the inclusions:
H_ D Hy D Hy. (2.5)

We want to see H_ also as a RKHS. It is important to notice that though H, may
be understood as a class of functions defined on the set £, the completed space
‘H_ may not be a space of functions defined on the same space E. This is so called
a functional completion problem, " which we now discuss.

Let F be a space of functions on E which is a pre-Hilbert space. By a
functional completion of F, as introduced in Ref. [1, p. 347], we mean a completion
of F by adjunction of functions on E such that the evaluation map at any site
vy € E is a continuous function on the completed space. The following theorem
proved by Aronszajn " gives a necessary and sufficient condition for the functional
completion.
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Theorem 2.1. (Aronszajn) Let F be a class of functions on E forming a pre-
Hilbert space. In order that there exists a functional completion of F, itis necessary
and sufficient that

(i) foreveryfixedy € E, the linear functional f(y) defined in F is continuous;
(ii) for a Cauchy sequence {f,} C F, the condition f,(y) — 0 for every y
implies that f, itself converges to 0 in norm.

If the functional completion is possible, it is unique.

In our setting, the incomplete class of functions is H, equipped with the inner
product (-, -)—. We shall demand H_ to be functionally completed, and now we
state all the conditions we need as a hypothesis:

(H) The Hermitian positive definite linear operator 4 on Hj is bounded and
satisfies (i) ker4 = {0}; (ii) H- is functionally completed.

In the Appendix we will consider some examples of the operators A that satisfy
the conditions in (H).

It turns out that a dual pairing between H_ and H. plays very useful roles
in characterizing the RK’s of H_ and H as well as in many computations in the
sequel. For /" € Hy and g € ran4, define

(g =) fg). (2.6)
xek
We have then the bound |_(f, g)+| < || fll-llgll+. Since Hy and ran4 are
dense respectively in 7{_ and H., the dual pairing extends continuously to a
bilinear form on H_ x H., for which we use the same notation _( f, g)1, f € H_
and g € H,, and the bound also continues to hold:

|-/ @+l = I l-ligls,  feH-, geH. 2.7)
For a convenience, we also define its conjugate bilinear form
g - =(f g+ [feH-, geH,. (2.8)
Notice that for f € Hy, Af € H; and
1Af1% = (Af. 47 410 = I /1. (2.9)

Thus, A4 extends to an isometry between H_ and ... We will denote the extension
by the same A4 and its inverse by A4~'. The following results say some of the
usefulness of the duality.

Proposition 2.2.  Assume the hypothesis (H). Then the following properties hold.

(a) Forany g € H, the functional _(-, g) on H_ has norm || g|| .
(b) Forany [ € H_, the functional _(f,-)+ on Hy has norm || f||-.
(¢) Hy and H_ are the dual spaces of each other.
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(d) Foranyy € E, e, € H. More concretely, e, € H, is equivalent to saying
that the functional f(y) is continuous on H_.

Proof.  The proofs of (a) and (b) are obvious. (¢) By the isometries 4 : H_ — H,
and its inverse A~ : H, — H_, it is easy to check that

@)= (A g and (£ )y = (Af, )y, feH_, geHy  (2.10)

That is, H and H_ are respectively the dual spaces of each other via the dual
pairing _(-, -)4. (d) If e, € H, then obviously f(y) = _(f, e,)+ is continuous
on H_. On the other hand, suppose that the functional f(y) is continuous on H_.
Then, by (c), there is a unique element /, € H such that

)= il f)- feH-. @.11)
Since finitely supported vectors f are dense in H_ and for those vectors f we
have (l,, f)— = > 1,(x)f(x), [, mustbe e,. O

Finally, we notice that since for any fixed y € E the functionals H_ > f —
f(y)and H, > g — g(y) are continuous, respectively in H_ and H_, it is obvious
that

{fig)+ = Z f(x)g(x), if either f or g is locally supported. (2.12)

xek

2.2. Determinantal Point Processes on Discrete Sets

Determinantal point processes, or fermion random point fields, are probability
measures on the configuration space of, say, particles. The particles may move on
the continuum spaces or on the discrete spaces. In this paper we will focus on the
DPP’s on the discrete sets.

The basics of DPP’s including their definitions and basic properties can
be found in several papers.G—61213.15 We will review the definition of DPP’s
mainly from Ref 13. Let £ be a countable set and let K be a Hermitian positive
definite bounded linear operator on the Hilbert space Hy = />(E). Let X be the
configuration space on £, that is, X is the class of all subsets of £. We frequently
understand a point £ = (x;);=12... € X as a configuration of particles located at
the sites x; € E,i = 1,2, .... The following is an existence theorem for DPP’.
We state it as appeared in Ref. 13.

Theorem 2.3. Let E be a countable discrete space and K be a Hermitian
bounded operator on Hy = IZ(E ). Assume that 0 < K < I. Then, there exists a
unique probability Borel measure i on X such that for any finite subset X C E,

(g € X: & 5 X}) = det(K(x, y)r yex- (2.13)
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The o-algebra on X is induced from the product topology on {0, 1}¥ (see
Sec. 4). Here we remark that the left hand side of (2.13) is just the correlation
function of the probability measure u, thus the theorem says that the correla-
tion functions of DPP’s are given by the determinants of positive definite kernel
functions.

The most useful feature in the theory of DPP’s is that there can be given an
exact formula for the density functions of local marginals. For each subset A C E,
let P4 denote the projection operator on H, onto the space of vectors which have
supports on the set A. Let K5 := Py K P, be the restriction of K on the projection
space. Given a configuration & € X, we let £, be the restriction of £ on the set A,
i.e., £ := & N A. For each finite subset A C E, assuming first that 7, — K, is
invertible, we define

Apay = Ka(ly — Kp) 7 (2.14)

Then for the DPP u corresponding to the operator K, the local marginals are given
by the formula: for each finite subset A C E and fixed £ € &,

m({¢ : ¢a = &n)) = det(Jn — Kp) det(A[a1(x, ¥))x,yee, s (2.15)

where A[a)(x,»), x,y € A, denote the matrix components of A[,;. Though in
this paper we will confine ourselves to the case where A, is well-defined as a
bounded operator, we remark that the formula (2.15) is meaningful even if K 4 has
1 in its spectrum. 1319

2.3. Results

First we will consider a variational principle for the positive definite operator
A introduced in Sec. 2.1. Since we are assuming that 7{_ is functionally completed,
for any y € E the functional f(y) is continuous on H_, or e,, € H, (Proposition
2.2(d)). This condition, on the other hand, is equivalent to the one that H_ is a
RKHS Ref. [1, p. 343]. Let B(x, y) be the RK for H_. From the reproducing
property we see that B(x, y) is the value of the function 4~ 'e, at x (see Ref. [1,
p- 343]), that is

B(x,y)= ilex, A7 'ey)-, x,y€E. (2.16)

Let xo € E be a fixed point and let £ = {xo} U R; U R, be a partition of E.
For each A C E, we let Fio A be the local functions supported on A:

Fioc.a := the class of finite linear combinations of {e, : x € A}. (2.17)

In the sequel, we denote by A € F that A is a finite subset of £. We are concerned
with the following numbers. For each A € E, define

apn:= inf e, — f1> and Ba:= inf e, —gl2.  (2.18)

S€Fioc.ang, &€Fioc,ank,
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Obviously, both of the sequences of nonnegative numbers {ap }acr and {Ba}ack
decrease as A increases. We let

=l imilarl = li . 2.1
o Alglg op  and similarly B Alg} Ba (2.19)
One of the main result of this paper is the following:

Theorem 2.4. Let the operator A satisfy the conditions in the hypothesis (H).
Then the product of the numbers o and B defined in (2.19) is one: aff = 1.

We remark that the result of the theorem was obtained by Shirai and Takahashi
in the case when the bounded operator 4 is strictly greater than 0, 1.e.,0 < ¢/ < 4
for some positive constant c.(!3)

The following example shows that without condition (Hii), we may have
a=0.

Example 2.5. Let £ := N, the set of natural numbers. Let {e,}>>, be the usual
basis for H, := [>(E). Define a positive definite bounded linear operator 4 on H,
by 4 := B*B, where B is defined by

er, n=1,

Be, := {%(61 be)n>2

and by a linear extension. Then, it is not hard to show that 7{_ is not functionally
completed and moreover, for the decomposition £ = {1} U Ry U R, with R| =
E\ {1} and R, = @, we have o = 0.

Next we apply the above result to show the Gibbsianness of some DPP’s.
Let 4 be an operator on H) that satisfies the hypothesis (H). Let u be the DPP
corresponding to the operator K := A(I + 4)~'. Given a fixed point x; € E and
a configuration § € X with xo ¢ &, and for each A € E with xy € A, let aga) be
the ratio of the probabilities for the configurations xo&, and &4 in A:

R pa(x06)
Al = T
i ua(En)
where we have simplified the event {{ € X' : ¢y = &5} = &4, etc, and xpép =
{x0} U&,. By (2.15), apa] is computed via the ratio of determinants:

e — det Ajaj(xo&a, Xobn)
M=
[A] det Apa(8a, En)

where A[a1(6a, §a) = (A[a1(X, ¥))x,yee, - We are interested in the behavior of the
sequence {aga7} as A increases to E. The following theorem gives the answer.

(2.20)

2.21)



332 Yoo

Theorem 2.6. Let the operator A satisfy the conditions in (H). Then

li = 2.22
AI?JIE O[A) o, ( )

where « is given in (2.18)—~(2.19) with Ry = & and Ry, = E \ (§ U {x¢}).

A corollary to this theorem is that the DPP p corresponding to the operator
A(I + A)~! is a Gibbs measure. We state this as a theorem.

Theorem 2.7. Let the operator A satisfy the conditions in (H). Then the DPP
u corresponding to the operator A(I + A)~" is a Gibbs measure. The interaction
potential is given by the logarithm of determinants of submatrices of A: for any
finite configuration & € X, the interaction potential V (§) is

V(§) = —logdet(A(x, y)).,yee- (2.23)

Moreover, w is the unique Gibbs measure for the potential energy (2.23).

The above result also extends that obtained in Ref. [13, Theorem 6.2]. We
also notice that the idea developed in Refs. 3 and 16, which concerns exclusively
with continuum models, can be applied to discrete model and would get some
result on the Gibbsianness of w. The result would look like the following (cf.
Ref. [3, Proposition 3.9]): Let £ = Z¢ and suppose that (i) 4 is of finite range in
the sense that A(x, y) = 0 if |x — y| > R for some finite number R > 0 and (ii)
w does not percolate. Then w is a Gibbs measure corresponding to the potential
in (2.23). Our result Theorem 2.7 is stronger than this, too.

3. PROOF OF THE VARIATIONAL PRINCIPLE

In this Section we prove Theorem 2.4. The most important tool in the proof
is the theory of restrictions and projections in the RKHS’s. In Sec. 3.1, we deal
with the variational principle in the finite systems. In Sec. 3.2, we first introduce
the restriction theory in the RKHS’s and then discuss the limit theorems of RK’s.
Section 3.3 discusses the perturbed norms and their convergence. The proof of
Theorem 2.4 is given in Sec. 3.4.

3.1. Variational Principle in the Finite Systems

We discuss the variational principle for positive definite matrices on a finite
set. Let A € E be a finite set and let (C(x, ¥))x yea be a positive definite matrix
with an inverse C~!. We define two norms on the class F, of functions on A as
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follows:
LA =) FCC, S, f€Fa 3.1)
X, yEA
and
gl == ) e()C'(x,»)g(), geFa. (3.2)
X, yEA

Suppose that A = {x¢} U A} U A is a partition of A. Similarly to (2.18) we define

a:= inf |le, — fI2 and b:= inf [e, — gll;. (3.3)
JSeFa, geFa,

In the above F,, denotes the class of functions on A;, i = 1, 2. By using the
elementary calculus and the basic properties of determinants, one can express the
numbers a and b concretely with the matrix components. This, as a matter of fact,
takes the role of a recipe for the theory in the infinite systems (cf. Ref. [13, Sec. 6]).
Below we denote by C(A 1, Az) the submatrix (C(x, ¥))xea,, yea, for any subsets
A1 and A, of A. We also simplify {x} U A; by xA; forx ¢ A;.

Proposition 3.1.  Let (C(x, ¥))x,yea be a Hermitian positive definite matrix on a
finite set A with inverse C™'. Let A = {xo} U A U A, be a partition of A and let
the norms || - |- and || - ||+, and the numbers a and b be defined as in (3.1)—(3.3).
Then the following results hold:

(a) The minimum values a and b are attained respectively at the unique vectors
f() = C(Aq, Al)flC(Al, X0) andgo = (Cil(Az, Az))ilcil(Az, X0):

a=le,— fol > and b= ey, — gl (3.4)
(b)
detC(onl,onl) 1 -1
= = C A ) A )
et C(AL A)) (C(xoA1, xoA 1)~ (x0, X0))
= C(x9, x9) — C(xo, A1)C(A1, A1) C(A1, x0) (3.5)
and similarly

_ det C_I(X()Az, XoA\2)
o detC*l(Az, A»)

= C™'(x9, x9) — C™'(x0, A2)(C™ (A2, A1) 'C (A2, x0).  (3.6)

= ((C™ ' (xoA2, x0A2)) " (x0, x0)) "

(c) ab=1.
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3.2. Restrictions in RKHS’s and Limit Theorems of RK’s

In this Subsection, we discuss the restriction and projection theories in
RKHS’s and the limit theorems of RK’s. The results we need have been already
obtained in Ref. 1. For the readers’ convenience, however, we provide it here.

Let us begin with an introduction of the restriction theory in the RKHS’s.
Suppose that H is a RKHS with kernel K (x, y), x, y € E. ‘H might be H_ or
‘H 4+ of our concern. For each subset A C E, the function K (x, y), the restriction
of K(x, y) to A, is still positive definite. The following theorem was proved by
Aronszajn (Ref. [1, p. 351]):

Theorem 3.2. The function K(x, y) restricted to a subset A C E is the repro-
ducing kernel of the class Ha of all restrictions of functions in 'H to the subset A.
For any such restriction fp € Hp, the norm || fa||a is the minimum of || || (the
norm of f in 'H) for all f € H whose restrictions to A are f)y.

When it is needed to designate the kernel, we use the notations H,.x and
Il - || a:x respectively for the restriction spaces and norms. We remark that the norm
Il falla in Theorem 3.2 is attained at some vector /' € H whose restriction is f:

I/alla =1/l forsome [ € H with (f)a = fa. (3.7

We refer to Ref. [1, p. 351] for the details.

Next we discuss the limit theorems of RK’s. We will consider two kinds of
limits.

A. The case of decreasing sequence. Let {E,} be an increasing sequence of
sets with £ = U2 | E,. Foreachn = 1,2, ..., let F, be a RKHS defined in E,
with RK K,,(x, y), x, y € E,. we denote the norm in the space F, by || - ||,,, » > 1.
For a function f, € F, we will denote by f,,,,, m < n, the restriction of f, to the
set E,, C E,. We shall suppose the following two conditions:

(Al) forevery f, € F, andeverym <n, f,, € Fu;
(A2) forevery f, € F,and every m < n, || fumllm < |l fullan-

For m < n, let F,,, be the RKHS consisting of all the restrictions of functions in
F, to E,, (Theorem 3.2). The RK of F,,, is K,,,(x, y), the restriction of K, (x, y)
to the set £,,, and we denote its norm by || - ||,..,. By (A1), F,,, C F,, and by (A2),
| fomllm < N filln for all f] € F, with £, = fu,. Thus by Theorem 3.2, we get
Il fum e < |l fumlnm- Then by Ref. [1, Theorem II of Sec. 7], we have

Knm << Kﬂ'lﬂ m < n7 (38)

meaning that K, (x, y) — K,,(x, y), x,y € E,,, is a positive definite function.
The following theorem appears in Ref. [1, Theorem I, Sec. 9]:
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Theorem 3.3. Under the above assumptions on the classes F,, the kernels K,
converge to a kernel Ky(x, y) defined for all x, y in E. K is the RK of the class
Fo of all functions f, defined in E such that

(i) their restrictions fy, in E, belongtoF,,n=1,2,...;
(it) limy— 0 || fonlln < 00

The norm of fo € Fq is given by || follo = 1im, .o [I fon [l -

B. The case of increasing sequence. Let { E, } be a decreasing sequence of sets
and R be their intersection: R = N2 | E,. Asinthe case A, letF,,n=1,2...,
be the RKHS’s with corresponding kernel functions K,(x, ), x,y € E,, n > 1.
As before, we define the restrictions f,, for f, € F,, but now m has to be greater
than n. We suppose that F,, form an increasing sequence and the norms || - ||,, form
a decreasing sequence satisfying the following two conditions:

(B1) forevery f, € F, and every m > n, f,, € F,;
(B2) forevery f, € F, and every m > n, || fumllm < | fulln-

We then get for the restrictions K,,,, of K, the formula
Knm < Km, for m >n. (39)

For each y € R, {K,,(y, y)} is an increasing sequence of positive numbers. Its
limit may be infinite. We define, consequently,

Ry :=the set of y € R such that Ky(y, y) := lim K,,(y,y) <oo. (3.10)

Suppose that Ry is not empty and let Fy be the class of all restrictions f,o of
functions f, € F, (n = 1, 2, .. .) to the set Ry. From (B2), the limit limy_, o || fnx %
exists and we define a norm | - || on Fo by?

1715 :=inf lim || fuclles /€ Fo. (3.11)

where the infimum is taken over all functions f,, € F,, n > 1, whose restrictions
to Rg are f,i.e., f(¥) = fuo, ¥ € Ry, for some f, € F,. Now we construct a new
space Fj; and norm || - ||j on it. Let Fj be the class of all functions f; on Ry such

that there is a Cauchy sequence { fo(n) } C Fy satisfying

fif@) = lim f{”(x), forallx € Ry. (3.12)
n—0oQ
2The original definition in Ref. 1 is such that || f,0llo := limk—co || fuk ||k, but it seems that there is

no way to guarantee that || f,0ll0 = llgxollo for different f, and g, in F, with f,0 = g,0. However,
all the arguments in Ref. 1 hold true even if the new norm || - ||5" in (3.11) is used. In particular, the
Theorem 3.4 below holds.
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For those vectors f; we define a norm
7115 := min li T 1
I /3l = min lim | 75”15 (3.13)

the minimum being taken over all Cauchy sequences { fo(")} C Fy satisfying (3.12).
There exists at least one Cauchy sequence for which the minimum is attained. Such

sequences are called determining f;'. The scalar product corresponding to || - |5
is defined by

* RN L 1 (n) (n)\~ 3 14

(fo- &0 : ngrolo(f &0 o (3.14)

for any two Cauchy sequences { fo(")} and {g(()n)} determining /7 and g, respec-

tively. We refer to Ref. [1, Sec. 9] for the details. The following theorem is in
Ref. [1, Theorem II, Sec. 9]:

Theorem 3.4. [n the setting of the case B, the restrictions K,(x, y) for every
fixedy € Rg form a Cauchy sequence in Fy. They converge to a function Kj(x, y) €
F§ which is the RK of F},.

In this paper we will need an application of this theorem for the simplest case
described in the following remark.

Remark 3.5. (Ref. [1, p. 368, Remark]) Suppose that the class Fy with norm
| - Iy in(3.11)is a subspace of a RKHS F (meaning that Fy C Fand forall f € F,
| fll5 is equal to the norm of " in the space F). Then the space Fj in Theorem 3.4
is the functional completion of Fy and || - ||§ is an extension of the norm || - ||7,
and Fj is simply the closure of Fy in F.

3.3. Perturbation of the Norms

In this Subsection, using the results of the previous Subsection, we prove the
convergence of norms in the perturbed RKHS’s, which will be used in the proof
of Theorem 2.4. We first prepare some dual relations in the resticted spaces. Let
R C E be any subset of E. Following Theorem 3.2, we let || - ||z.p be the norm
of the RKHS H .5 consisting of all restrictions of vectors in H_ to the set R and
having a RK Bg(x, »), the restriction of B(x, y) to the set R. Here we make a
convention. If F is a vector space of functions on any subset R C E, we sometimes
naturally embed it into a vector space of functions on the set £ whose restrictions
on the set £ \ R are zero. By abuse of notations, we use the same notation F for
the extension, and this should be clear from the context.
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Let (Bg)~! be the bounded linear operator on /*(R) corresponding to the
quadratic form®

of. /) =(f. Nr. [ e€LR). (3.15)
Since (f, frz < | f1II> = (f, A f)o, we see that
(Br)™' < 4g. (3.16)

The components of (Bz)~! is given by

(BR)_I(xa)/)=(€x, ey)R;B, X,y €R. 3.17)

As in the dual relation between H_ and H, we let H}. 5 C [?(R) be the dual
space of Hg.: an element g € I>(R) belongs to H.p if and only if the (anti-)
linear functional

Rplf. Qs = Y Jg@). [ € PR, (3.18)
x€R
is continuous w.r.t. || - || g,p-norm. H;e; 5 1s none other than the RKHS with RK

(Br)"'(x, y) on R. For each g € H'y.p we extend the functional of (3.18) to the
whole space Hg.z D I*(R) and keep the dual pairing notation g.z(-, Vr.g- We

denote the norm in H/R;B by || - ||/R;B. As in the case of the dual pairing _ (-, -) 4,
(Br)~! extends to an isometry from H .z onto H/R; B
IBR)™" flzs = ISRz, [ € Hrs (3.19)

It turns out that H 5 is a closed subspace of H :

Lemma 3.6.  For the spaces Hp.p and HY. p the following properties hold.

(@) Hp.p CHy NI(R) and for any g € Hyp, llglz.5 = llgl+
(b) Let g € Hy.p. Then for any f € H_ that vanishes on R, we have
—(f.8)+=0.

Proof. (a) First we show H’R; 5 C Hy NI?(R). The remaining part will be proved
after showing (b). Let & € I2(R). Then for any f € Hy = I>(E), since (Bg) ™'k €
*(R),

> F@(BR)h(x)

xek

> F@(BR) " h(x)

xeR

= r:a(fr. (BR) ') .51
< | frllr:a1(Br) " hll'p. 5
< IAI-IBR) 1l g5, (3.20)
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where f3 is the restriction of f to R. Since H) is dense in H_ and H is the dual
space of H_, (3.20) proves that

(Br)™'h € Hyand||(Br) "' A+ < I(BR)™ 1l p- (3.21)
Because /2(R) is dense in Hg.z, (3.21) also shows that
s C He N(R). (3.22)

(b) Denote by Py the restriction operator P : H_ — Hpg.p defined by Pr f 1= fz
for all f € H_. Since || frllr.z < |l.f|l-, the operator P is bounded with norm
less than or equal to 1. Now let g and f be as in the statement of (b). Let { f,,} be
any sequence in H, that converges to f in 7{_. Then since g € [*(R), by using the
continuity of the operator Pg in H_, we have

{fog)+ = lim _(f,, g)+

n—00

= lim > 7,()g)

X€ER

= nILII;o R:B(PRr S0, &) p.

= r:8(Prf Q) ks
=0,
because Pr f = 0.

Finally, we show the last part in (a). Since (Bg)™" : Hz.p — H'y. is anisom-
etry and /*(R) is dense in H g, it is enough to show [|(Br) ™' kl|’s.5 = (Br) ™Al +
for all 7 € I’(R). By (3.21) it remains only to show that [|((Bg)™'All.p <
I(Br)"'h|l+. We have

UBR) ™ Allp)" = 1.5
= r.p(h, (BR)ilh)/R;B
= _(h,(Br)"'h)4. (3.23)
Let &’ € H_ be the element such that Prh’ = h and ||A'||- = ||k .5 (see (3.7)).

Notice that 2’ — & € H_ vanishes on R and (Bz)"'h € H'.- Thus by (3.23) and
the result in (b) we have

1Al %p = — (R, (Br)""h) 4

= _(h',(Br)"'h)s
1A - 1(BR) "Rl ¢
= |hllr:5l(Br) "Rl

IA
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This, together with (3.23), proves that [|(Bz) ™'kl %5 < I(Br) ™A+ O

Let us now discuss the perturbation of the operators. Let 4 be the operator
of our concern satisfying the conditions in the hypothesis (H). For each ¢ > 0 we
define new bounded operators as follows:

A(e):=A+¢e and B(e):=A)™, e>0. (3.24)

We let ‘Hy..(:=Hguue) and H_.(:= Hg;pe) be the RKHS’s with RK’s
A(e)(x, y) and B(e)(x, y), respectively. For each ¢ > 0 we also consider the re-
striction space Hg,p() wWith norm || - || (), which is similarly defined as Hz,s
by replacing B with B(¢).

Lemma 3.7. Let R C E be any set. Then for any f € [*(R),

!13% I /N R:Be) = I flIR:B- (3.25)
Proof.  First we show that
liII(l) B(e)(x,y) = B(x,y), forallx,yeE. (3.26)
It is obvious that
B(e) < B(¢) for0 < ¢ <, (3.27)

in the sense defined in (3.8). Also, it holds trivially that
B(e)(y,y) < B(y,y) <oo, VyeekE. (3.28)

Moreover, for each fixed ¢ > 0, since B(e) is bounded and strictly positive, the
norms || - |- = || - | z:8¢)) and || - ||o are equivalent on Ho = /[*(E). That is, as
a set, H_.. is the same as H).

It is easy to check that for each f € H), the norm | f||_.. decreases to || /|-
as ¢ decreases:

tim |/l = I/ (3.29)

Since the norm || - || is the one for the RKHS with kernel B(x, y), the equality
(3.26) follows from Theorem 3.4 (see Remark 3.5).

Let us now prove (3.25). Obviously, for each f € [2(R), || f || r;p() decreases
as ¢ decreases and || /|| ;) = || fllz;z for all ¢ > 0. Thus the limit

115 = im | f s S € PR, (3.30)

defines a norm on /2(R). We have to show I fllg = Il fllz;5- Noticing that H ;5 is a
RKHSand || fll; = I fllz;s for f € I>(R), we see that for all y € R, the functional
f(y) is continuous w.r.t. the || - ||;-norm on I2(R). Moreover, the completion Hy
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of I*(R) wrt. || - ||ly is functionally completed because Hy C Hp.p and so is
‘Hg;p. Therefore, H is a RKHS [1, p. 343] and I>(R) is a subspace of it. Since we
already know from (3.26) that B(¢)g(x, y) — Bgr(x,y)ase — Oforallx, y € R,
by Remark 3.5. again, we conclude that || - || is the norm for the RKHS on R
whose RK is Bg(x, y), i.e., || - Il = Il - llz;5- The proof'is complete. O

3.4. Proof of Theorem 2.4

We are now ready to prove Theorem 2.4. It will be done in a few steps.

Proof of Theorem 2.4.: Step 1: General facts. Recall the notation Fjoc a, the
class of local functions supported on A for the subsets A C E. Since Fioc 4 is
closed in H_ for each A € E, there exists a unique element fx, o € Fioc A, such
that

ap = inf ey, — fI2 = llex, — faroll2, (3.31)

fE loc,Aq

where A} ;= AN R;. Let H, _ be the closure (in H_) of UrecgFioc.a, = Fioc.&,-
Notice that any vector f* € H; _ vanishes on R{, that is, it is supported on R;.
We also notice that for each A € E, fa, o is the projection of e,, onto the space
Fioc.a,» and as A increases, fa, o converges to the projection of e,, onto the space
Hi.—, wecall it f, o:

lim fy0= fro (inHo). (332)

Let us now apply the (extended) operator 4 to the vector ey, — f, 0. We claim
that

A(ex, — fri0) = aex, + a2 € Hy, (3.33)

where the vector a, € H . is supported on R,. In fact, let A(ey, — fz,.0) = aoex, +
ay € H4 with a; being supported on E \ {xo}. Since fx, o is the projection of ey,
onto the space H; _, we have

(ex, — fr10- /)= =0 forall f € Fi g, (3.34)
Thus, we have for all f € Fioc g,
0 = (ex, — fri.0, /)-
= 1 (A(ex, — fri,0), f)-
= j(aoex, + a2, f)-
=Y @) fx), (3.35)

X€ER|
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because f is a local function supported on R; (see (2.12)). Since f € Fioc g, is
arbitrary, the equation (3.35) proves that a, vanishes on R;. Similarly, it is easily
checked that

2
o = ”exo - fR1,0||—
= —(eX() - fR1,09 A(ex() - fR1,0)>+

= lim _(ey, — fa,,0, d0ex, + a2)+

AE
= lim ay = ay. (3.36)
AME
We have shown (3.33). Let us now interchange the roles of 4, || - |-, Ry, and A,
by A7!, || - ||+, Ro, and A,, respectively. Then we have for each A € E,
Ba= inf ey, =gl = lles, — g, 0ll%, (3.37)
gEFloc.Az

for a unique ga,.0 € Fioc.a,, Where A; := Ry N A. Also, if we denote by H, . the
closure of UpegFioc,a, = Fioc.r, W.I.t. the || - || -norm, there is a unique gg, 0 €
‘H>.+ such that

Nim ga,0 = &R0 (in Hy) (3.38)

and
B = llex, — grooll3- (3.39)
Similarly to (3.34), we have
A (ex, — gro0) = Bex, + b1 € H_, (3.40)
where b is supported on R;. Now we have on the one hand

—{exy — fRi,00€xy — ERo0)+ = /l\iTn%,(eXO — JAL,05 €xy — 80000+

= Il\ig(exu - fA],O’ exu - gA2,0)0

=1liml=1.
ALE
On the other hand we have
1= *(eXo - le,Ov €xy — gR2,0>+

= +<A(exu - le.O)v A71(6X0 - ng,O))—
= +<aex0 +a23 ﬂexo +b1>—
=of + (a2, by)-. (3.41)
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The proof is completed if we could show that | (ay, b;)_ = 0. Notice that a; is
supported on R; and b; on Ry, and Ry N R, = . Thus it seems that | (ay, by)_ =
0, but we need to confirm it.

Step 2: The case when A is strictly positive. Suppose that there existc;, ¢, > 0
suchthatc;/ < 4 < ¢, 1. Inthis case 4 has a bounded inverse 4~ in Hy = I(E).
The RK B(x, y) for H_ (see (2.16)) is given by

B(x,y) = +{ex, A7'e))_ = (ex, A 'ey)y, x,y €E. (3.42)

Moreover, as for the elements, the inclusions in (2.5) now become the equalities
and the dual pairings in (2.6) and (2.8) are just the inner product in the center
space Hy:

(fighr =/, @o=(& =1 -, figeHi=H_-=H, (343

the equalities Hy = H_ = H, meaning that all the spaces have the same elements.
We will, however, keep the pairing notations _ (-, -); and (-, -) — for a convenience.
Now let us come back to the Eq. (3.41). The dual pairing is just an inner product
in H, and the vector a, vanishes on R and b, lives only on R;. We therefore have

+{az, b1)- = (a2, b1)o = 0. (3.44)

From (3.41) and (3.44) we have a8 = 1.

Step 3: The case when one of Ry and R, is finite. In this case either a, in (3.33)
or by in (3.40) is finitely supported. Moreover, since they have disjoint supports,
by (2.12) we have

laz br)- =) ax(0)bi(x) =0. (3.45)
xek

This, together with (3.41), proves the theorem. This observation gives us more
information. Notice that the number 8 in (2.19) is not altered even if we considered
the restriction of B to the set R, := {xo} U R;. Recall the notation || - || z;.5 for the
norm in the RKHS Hg;. 5 consisting of all the restrictions of vectors in H_ to the
set R», and having RK B, (x, ), the restriction of B(x, y) onto R>. We consider
R, being partitioned into R, = {ex,} UB U Ry, and then apply the result in this
step to get

B = llex, .5 = (exos (B) ™' exo- (3.46)

For each ¢ > 0, we introduce the strictly positive and bounded operators
A(g):= A+ ¢ and B(e) := A(e)~! on H,. Let a(e) and B(e) be the numbers
defined as in (2.19) by replacing the operators 4 and B with A(¢) and B(e),
respectively. By the result in Step 2, we have

ae)B(e) =1, &> 0. (3.47)
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On the other hand, by (3.46) we have
Be) ™" = llew Iz 5y = (€xs (BE)F) ™ ex)o- (3.48)

In Lemma 3.7, we have shown that

im fley, % ey = llew I35 (3.49)
that is
lim Ble)' =p7" (3.50)
It is easy to check that
Sli_rgoc(s) =a. (3.51)
We thus get by (3.47), (3.50)—(3.51), a8 = 1. The proof is completed. O

Remark 3.8. We extend the formula in Proposition 3.1(b) to the infinite system.
For each A C E, as before, we let Ax(x, y) be the restriction of A(x, y) to the
set A. Then for each xy € A, the function 4A(-, x¢) (also denoted by A(A, xo))
belongs to the RKHS H .4 consisting of all the restrictions of vectors in H. to
the set A and having the RK Ax(x, ) (Theorem 3.2). By Proposition 3.1(b) we
see that for each A € E,
an = A(xg, xo) — A(xo, A1)A(A1, A1)~ A(A1, x0)
= A(xo, x0) = | A(A1, %0)[13, 4 (3:52)
On the other hand, as A increases, we have by Theorem 3.3, lima4 g [|4(Ay,
x0)lI3,.4 = II4(R1, x0)II%,. 4 Thus we get

a = A(xo, x0) — [ ARy, x0)[1%,.4- (3.53)
In particular, if 4 is bounded away from 0, then we we have

a = A(xo, x0) — A(xo, R\)A(Ry, R1) " A(Ry, xo). (3.54)

4. PROOFS OF THEOREM 2.6 AND THEOREM 2.7

The proof of Theorem 2.6 will follow from the variational principle of Theo-
rem 2.4 and the projection-inversion inequalities, which we now introduce. For a
matrix 4 on E, we denote by A, the submatrix, or the restriction of A on the set
ACE.
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Lemma 4.1. Let A(x,y) and B(x,y), x,y € E, be the RK's respectively for
Hy and H_ in Sec. 2. Then, for any finite subsets A C A € E, the following
inequalities hold:

@ (Ax)"" < (Aa)"")a < Ba;
() (BA)™' < ((Ba)™")a < A44.

For a proof we need the projection-inversion lemma (see Ref. [7, p. 18], [13,
Corollary 5.3], and [3, Lemma A.5]):

Lemma 4.2. Let T be any bounded positive definite operator with bounded
inverse T~'. Then for any projection P,

P(PTP)"'P < PT'P. 4.1)

Proof of Lemma 4.1: The first inequalities in (a) and (b) follow from Lemma
4.2. In order to prove the second inequalities it is enough to show (A4,)~! <
B, and (B‘A)’1 < Ap, because (Ba)p = Ba and (Ap)p = Ay for AC A EE.
Moreover, since the matrices are positive definite, either one of the inequalities
(Aa)"! < Ba or (Ba)~! < A, implies the other. The inequality (Ba)~! < Aa
has been already shown in (3.16). |

Remark 4.3. Notice that B is formally the inverse of 4 (see (2.16)), and that the
operator 4 may have 0 in its spectrum (it should then be a continuous spectrum).
In that case, the operator B, considered on the space Hy, is an unbounded operator.
Therefore, Lemma 4.1 extends Lemma 4.2.

Next we discuss the order relations between the restricted operators and the
interaction operators giving the local probability densities of DPP’s. For each finite
set A C E, we let, as before,

Ap = PyAPy and  Apag = Ka(l — Kp) 7', 4.2)

where P, is the projection on Hy = I>(E) onto [>(A) and K := A(J + A)~'. We
define

Biay = (Aa) ™" 4.3)

and recall that B is the inverse of 4.

Lemma 4.3. For any finite set A C E,
A[A] < Apn and B[A] < Bj. (44)
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Proof. We first prove the inequality Ajpx] < 44. By Lemma 4.2,
Ay =—In + (I = K)p)™!
—In + Pa(I —K)'Py
= A, (4.5)

IA

where I, := Pl P,. The second inequality in (4.4) can be shown in two ways.
We introduce both of them. First, as before, we define A(¢) = A + ¢ and B(e) =
A(e)~! for ¢ > 0. By the same way used in (4.5) we can show

B(e)ag := (A(e)a)) ™" < B(e)a, (4.6)

where A(e)ia) := K(e)a(I — K(e)a)~! with K(g) := A(e)(I + A(e))~!. Since
K(¢) - K uniformly as ¢ — 0 we have

lim B(&)a) = (Aia)™" = Biay- 4.7)
On the other hand, by (3.26)
B(e)n = Ba uniformly as ¢ — 0. (4.8)

The inequality B[] < B, follows from (4.6)—(4.8).

The second way is to use Lemma 4.1. BjAj can be rewritten as Bjy) = — 5 +
(Ka)~'. Since K = A(I + A)~', K satisfies the conditions in the hypothesis (H)
of Sec. 2. Applying Lemma 4.1(a) for the pair of operators K and K ~', we have

Bia) < —Ip + PAK P,
= Py(—1 + K )P,
= P\A7'Py = B,.

The proof is completed.
We are now ready to prove Theorem 2.6

Proof of Theorem 2.6: Letxy € E and§ € X be any configuration with xo ¢ §.
For a convenience we define an auxiliary configuration £ € X as

€ :=E\ (5§ U{xo)). (4.9)
From the definition (2.21) and Proposition 3.1(b) we have the equality:
aga) = (Aia)(xoka, xo€a) ' (xo, x0)) . (4.10)

By the first inequality in Lemma 4.4 and using Proposition 3.1 once more we have
the bound

aa) < (Aa(xoka, x0a) " (x0, X0)) " = aa. (4.11)
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where o is defined in (2.18) with Ry ;=& (and A = ANR; = ANE=§&y).
Now by Proposition 3.1(b) and (¢) we have

Biay := (a) ™" = (Baj(x0& 4, Xo& )~ ' (x0, x0)) ", 4.12)

where B[a] = (A[a))~". By the second inequality of Lemma 4.4 we also have the
bound

Bia) < Ba, (4.13)

where, again, 8, is defined in (2.18) with R, := &. Now we take the limit of A
increasing to the whole space E. Since «y — « as A increases to £ we have from
(4.11)

limsup ap) < «. (4.14)
ATE

On the other hand, since S5 — B as A 1 E, we have also from (4.13)

liminf aa; = (limsup Ba)) ™' = 7' = . (4.15)
AE AE

The last equality comes from Theorem 2.4. From (4.14) and (4.15) we get
limy 4 g apa] = o, which was to be shown. ]

Let us now turn to the proof of Theorem 2.7. For the proof of Gibbsianness
we will follow the method developed in Ref. 16 for continuum models. We will
first define a Gibbsian specification®® by introducing an interaction. Then we
will prove that the DPP of our concern is admitted to the specification. We refer
also to Ref. [13, Sec. 6]. The proof of uniqueness will be shown following the
method of Ref. 13.

Let 4 be an operator that satisfies the conditions in the hypothesis (H). For
any finite configuration £ € X, we define an interaction potential of the particles
in & by!®

V(€):= —logdet A(§, &). (4.16)

Notice that V' (£) < oo for all finite configurations £ € X. For any A, A, € E
with A} N Ay = 0, and for any configurations £,, and &5, on the sets A and A,,
respectively, the mutual potential energy W(£,,;£4,) is defined to satisfy

V(En, UEn,) =V (En)+ V(En,) + W(ais8a,) (4.17)

Now for each ¢, € X4 and & € X, we define the energy of the particle configura-
tion ¢, on A with boundary condition & by

Hp(La38) = E?}E(V@A) + W(CnsEnn)), (4.18)
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whenever the limit exists. As a matter of fact, Hx({a;&) is well-defined for all
Za € Xy and & € X as shown in the following lemma:

Lemma 4.5. Suppose that the operator A satisfies the conditions in the hy-
pothesis (H). Then for any Ly € Xy and & € X, the value Hx(Cp5 &) in (4.18) is
well-defined as a finite number.

Proof.  We define first for each bounded set A D A
Hpn(Cas8) i=V(Ca) + W(EasEa\n)- 4.19)
From the definitions (4.16)—(4.17) we get

det A(Zaéava, Cadara)
det A(Ea\a, Eava)

Let ¢po = {x1, ..., x,} be an enumeration of the sites in 5. Then we can rewrite
the quantity inside the logarithm in (4.20) as
det A(Zaéava, Cadava)
det A(a\a,5a\n)
_det ACxr, ..o, XaEaas X1, XnEaa)  det A Eaa, XaEana)
Cdet A(xa, ..o XpEa\As X2, - XnEava)  det A(Eava, Eava)
(4.21)

Hp:a(Ca36) = —log

(4.20)

By Theorem 2.4, each term in the r.h.s. converges to a strictly positive number as
A increases to E. The proof is complete. O

Let us now define the Gibbsian specification. Define a partition function on
the set A with a boundary condition & € X as

ZaE) =) exp[—Ha(ta; €)1 (4.22)

{ACA
Then we define a probability distribution on the particle configurations as

1
Z(§)

Let the set {0, 1} be equipped with a discrete topology and  := {0, 1}% with
a product topology. Let F be the Borel o-algebra on 2. For any subset A C E we
let Fa be the o-algebra on 2 such that the map &, is measurable for all x € A.
We notice that 7z = F. By the natural mapping between Q2 and X', we define
o-algebras Fa, A C E, and F on X. The Gibbsian specification is defined as

va(las €)= exp[—Ha(¢a58)]. (4.23)
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follows: >% for any measurable set 4 € F and £ € X, we define
Ya(AIE) = > ya(@asE)1a(Cakae), (4.24)
{ACA

where 1 4 denotes the indicator function on the set A. It is not hard to check that the
system (Y4 )acr defines a specification, i.e., it satisfies the following properties:

(1) ya(-1£) is a probability measure for each & € &’;
(i1) ya(A4|-) is Fpc-measurable for all 4 € F;
(ii) ya(4l-) =14()if 4 € Fpe;
(V) yaya(Al€) == ca va(Cal§)ya(A4liaéac) = ya(AlE) for all A C
A€ Eand& e &.

A probability measure u on (X, F) is said to be admitted to the specification
(Ya)aeE, or a Gibbs measure, if it satisfies the DLR-equations:

,u(A):/yA(Alé)du(S), forany 4e€F and A EE. (4.25)

The DLR condition says that for any A € £ and 4 € F, the conditional expecta-
tion E*[1 4|Fac] has a version y(A][-):

EF[141Facl€) = va(4]§), p—aa.é. (4.26)

From the Eq. (4.21) we easily see that for any A € E, {y = {x1,...,X,} € X4,
and & € X,

Ha(Eas8)
= H ) ((x1}:8) + Hpyy({x2}; {x1} U E) + Hy (I s {x1, .- x1F U ).

This says that all the values Hy(Zx; &) are determined by the values Hy,({x}; §).
Now then the DLR condition (4.26) is equivalent to saying that (cf. Refs. 11 and
[13, Sec. 6])

EM[%—X = {x}|‘7:{x}‘](€) _
Er[E, = DI Fx)c1(§)

exp[—Hy({x};6)], Vxek. (4.27)

Proof of Theorem 2.7: Gibbsianness. As noted above, it is enough to show the
relation (4.27). Let xo € E be a fixed point and let £ € X'. Then by (4.18)—(4.20),

det 4 ,
exp[—Hyyyy({xo}; £)] = lim et AoEa\(x)> ¥08a\(x)))
AtrE det ASa\(xo)s Ea\(xo))

(4.28)
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On the other hand, by (2.20)—(2.21)

E* €y = (X0} Fix)e1(6) — lim EXE gy = (X0 Favio 1Eavix))
Er[Epyy = O Fugel6)  AE EF[Erg) = D1 F A\t 1Ea o)

det 4 Xo}» X
_ m %€ [a1(*0& A\ (xy) xO‘i"A\{,o}). (4.29)

ate - det Apay(ai)s §avix)

By Theorem 2.6 the two limits in (4.28) and (4.29) are the same and this proves
that the DPP p corresponding to the operator A( + A)~! is a Gibbs measure
admitted to the specification (yz)acg in (4.23)—(4.24).

Uniqueness. Let us now address to the uniqueness of the Gibbs measure.
The arguments in the sequel parallel those in Ref. [13, Sec. 6]. Suppose that v is
a probability measure admitted to the specification (y5)ack, i-€., v satisfies the
condition (4.26):

E'[141Fac)E) = ya(AlE), v—aa.feX forall AcE.  (4.30)

Let F : X — R be a function of the form
F(§) = lig, =x), forsome AgEE and X C A,. (4.31)
We will show that for such functions F,
V(F) = pu(F). (4.32)

Since those functions /' generate the o-algebra F, v then should be p and the
uniqueness follows.
Let A € E be any set with Ag C A. Then by (4.30)

E'[F|Fpl€) = exp[—Ha(X U Y;8)]. (4.33)

YCA\Ag

1
Zp()

Notice that the partition function Z A (£) can be rewritten as follows. Let ®(*:) be
a matrix of size |A| whose components are given by

Q(A;E)(x’ y) = A(x’ y) - (ASAC ('7 x)’ A§Af ('7 y))EAf;A’ (434)

where, as before, 4¢,. (x, y) is the restriction of A(x, y) to the set Exc and (-, -)z,c;4
is the inner product of the RKHS He, .., having RK A4¢,.(x, ¥). By Theorem 3.2,
the matrix ®5) is well-defined. In an informal level, we can write ®“¥)(x, y)
as

DN (x, y) = A(x, y) — A(x, Enc)A(Ene, Enc) ™ A(Epe, ). (4.35)

We refer to Ref. [13, p. 1559] for the same matrix, where 4 is strictly positive. For
each finite A D A, we let

(D(A’A;é?)(x, y) = A(x, y) - (ASA\A('v .X'), AEA\A(" y))EA\A;A’ X,y €A
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By Theorem 3.3,

Lig ONAE (x, ) = @M (x, y), x,y € A. (4.36)
Moreover, it is obvious that for any X C A
exp[—Ha a(X;§)] = det(@M (X, X)) (4.37)
and hence
expl—Ha (X; €)] = det(®9) (X, X)). (4.38)

Therefore we get

ZaE) =) exp[—Ha(X:6)] = Y det(@(X, X)) = det(/ + d19).
XCA XCA
(4.39)

By using the expression (4.38) we see that (P denotes the projection on H, onto
(A))

S epl-HAXUT:E = Y det(@d)

YCA\Ag YCA\Ao
A
= det(Pa\a, + P a)- (4.40)

Here we have put @gé\fy) = PNE(XUY, XUY), etc. We insert (4.39)—(4.40)
into the r.h.s. of (4.33) and after a short computation we obtain the expression for
EV[F|Fac](€) in (4.33) (see Ref. [13, Eq. (6.47)] for the details):

E'[FIFr1)
det(Py[@) — @MO(Ag, A\ Ag)(I + @45 ) OAO(A N\ Ag, X)]Py)
T det(l + 0 — 006 (Ag, A\ Ag)(] + BN )T BAE(A N\ Ag, Ag))
(4.41)

We will show that

Hm{(7 + @), — B (Ag, A\ M) + @) OO(AN Ao, Ao)]

= (I + A)n, — A(Ao, AU + A)(AG, AG) T A(AG, Ao)
= (Pa,(I + A)7'Py,)7" (4.42)

In fact, by using a similar computation as in Proposition 3.1(b) we have for any
fo € *(Ao),

(fo. [(1 4+ @95, — @M (Ag, A\ Ag)(I + ‘195\[\\;5\)0)71

x DA N Ao, Ao)l fo)ra)
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= inf (fo— £+ O“O)A, A)fo — MNia

FE(A\Ag)

= inf — fI1? inf (fo—f—g A(fo— f —
felzl(I}\\AO)(”fO Sl +g€1112(E‘A’)(ﬁ) S =g A(fo— f — )

= inf (fo—h, (Pa+ AD(fo — M)re)- (4.43)
hel(A)

Since Py — I strongly as A 1 E, it is obvious that the last expression in (4.43)
converges as A 1 E to

inf (fo—h, (I + A)(fo—M)ee)
hel’(AS)

= (fo. [(I + A)a, — A(No. AU + A)(AG, AG T AAG, Ao)] f0)r(ay)-
(4.44)
Eqs. (4.43)—(4.44) prove (4.42). Recall the operator K = A(I + A)~! which gives
the DPP . We have
(I — K)p, = Pp,(I + A) Py,
= [( + A)n, — A(Do, AU + A)AG, AD T AAG, M)l
(4.45)

Ky,

— (] — k!
TS

Ang =

0

= A(Ao, Ao) — A(Ao, A + ANAG, A§) T A(AS, Ag).
(4.46)

We thus get, by using (4.41)—(4.42) and (4.45)—(4.46),
W(F) = lim E'[F|Fxc)(8)

= det(/ — Kx,) det(PxA[a,Px)
= det(PxKn, + Papx(I — Ka,))

Now then v must be u and we have proven the uniqueness of the Gibbs
measure. |
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APPENDIX

In this Appendix we discuss the hypothesis (H) in Sec. 2 by giving some
examples. For simplicity we take E := Z, the set of integers. We give three typical
examples.

(1) The case that A is bounded and has a bounded inverse. In this case all
the norms || - ||, || - |lo, and || - ||+ are equivalent and the spaces H_, Ho, and H
are the same as sets. Obviously, H_ is functionally completed. The Gibbsianness
of the DPP for the operator A(/ + A)~! with 4 being in this category has already
been shown by Shirai and Takahashi. (3

(ii) The case of diagonal matrices. Suppose that A4 is a diagonal matrix with
diagonal elements o, > 0 with «, being bounded and decreasing to zero as x —
oo. Itis not hard to show that the hypothesis (H) is satisfied for those operators 4. In
fact, H_ consists of those functions /' : E — Csuchthat ) _p oy | f(x)]? < oo.
In other words, if g = (g(x))xere € Ho is any element of H, then the vector
= (o 12 g(x))xer belongs to H_ and all the elements of H_ are of this type.

(iii) Perturbation of diagonal matrices. Let D be any diagonal matrix of the
type in the case (ii) above. Let 4 := C*DC, where C is a matrix such that C and
its inverse C~! have off-diagonal elements that decrease sufficiently fast as the
distance from the diagonal become far. To say more concretely, let C(x, y) and
C~!(x, y) be the matrix components of C and C~!, respectively. We assume that
there exist positive numbers m > 0 and M > 0 such that

m<C(x,x) <M and m§C_l(x,x)§M forall x e E, (A.1)

and C(x, y) and C~!(x, y) converge to zero sufficiently fast as |x — y| — oo.
Then A satisfies the conditions in (H). Here we give an example. Let D be a
diagonal matrix with diagonal elements «,, x € E. We assume that there is k € N
such that

o' <A +x)f, xekE. (A.2)

Let C be a bounded operator with bounded inverse C~! such that there is m >
2(k 4+ 1) and

|m

1 1
Cx,y)) < ———— and |C'(x,y)| < ——. A3
CEIN = T C @S (A3)
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Such an operator C can, for example, be obtained by taking its convolution kernel
function as the Fourier series of strictly positive and sufficiently smooth function on
the circle. We prove that H_ is functionally completed. It is enough to show that the
pre-Hilbert space (Hy, || - ||-) satisfies the conditions (i) and (ii) of Theorem 3.2.
First we show that for any y € E, f(y) is continuous in (Hy, || - ||)—. As noted in
Proposition 2.2(d), it is equivalent to show that e, € H. But, we have

ley 2 = (ey, A7 ey)o = (C 1Yy, DTHC ) ey )

=Y o [(C7)eu(x)

xek

1
E k

Next, notice that for any f € Hy,

I£12 = (f, C*DCf)o = (Cf, DCf)o = (ICLIP, (A.5)

where || - ||(_D) is the “—"-norm for 4 = D. Since we have observed in case (ii) that

the space H(,D), completion of Hy w.r.t. || - II(,D)-norm, is functionally completed,
it is enough to show that given any sequence { f,} C Ho which is || - || _-Cauchy
and such that f,(y) > 0asn —> oo forall y € E, Cf,(y) = 0 as n — oo for
all y € E, because {Cf,} is || - ||(_D)—Cauchy. We observe that there is a constant

b > 0 such that

1L < b +1y)f, yeE. (A.6)
In fact,
[/ = ey, fudol = lleyll+ Il full - (A7)
Since { f,} is || - ||--Cauchy, || f,, |- is bounded uniformly for » € N. On the other
hand from (A.4), it is not hard to see that there exists »; > 0 such that
leyll+ < b1+ 1y)),  y € E. (A8)

This proves (A.6). Now we have

Crn(y) = (ey, Cfao
= (C%ey, fu)o

=Y Crey(x) fulx)

xekE

Y Cre i)+ Y Cre,(x)fu(x),

x€d(y) xe€d(y)
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where d(y) is any sufficiently large but finite set containing y. Since f,(x) — 0
for all x € E, the first term in the last expression converges to 0 as n — co. By
using (A.3) and (A.6) we have

_ 1
| Y. CreMfi@l<b > ———(1+Ixhh (A9)
— L fx — yfm
xed(y) x€d(y)

Once d(y) is taken sufficiently large, the quantity in the r.h.s. of (A.9) becomes as
much small as we wish. This completes the proof.

REFERENCES

1. Aronszajn, Theory of reproducing kernels. Trans. Am. Math. Soc. 68:337-404 (1950).
2. H.-O. Georgii, Gibbs Measures and phase transitions. Walter de Gruyter, Berlin, New York (1988).
3. H.-O. Georgii and H. J. Yoo, Conditional intensity and Gibbsianness of determinantal point process.
J. Stat. Phys. 118(1/2):55-84 (2005).
4. R. Lyons, Determinantal probability measures. Publ. Math. Inst. Hautes Etudes Sci. 98:167-212
(2003).
5. R. Lyons and J. E. Steif, Stationary determinantal process: Phase multiplicity, Bernoullicity,
entropy, and domination. Duke Math. J. 120(3):515-575 (2003).
6. O. Macchi, The coincidence approach to stochastic point processes. Adv. Appl. Prob. 7:83—122
(1975).
7. M. Ohya and D. Petz, Quantum entropy and its use. Springer-Verlag, Berlin (1993).
8. C. Preston, Random fields. Lecture notes in mathematics, vol. 534. Springer-Verlag, Berlin (1976).
9. M. Reed and B. Simon, Methods of modern mathematical physics I. Functional analysis. Academic
Press, New York (1980).
10. S. Saitoh, Introduction to the theory of reproducing kernels (Japanese). Makino Shoten, Tokyo
(2002).
11. T. Shiga, Some problems related to Gibbs states, canonical Gibbs states and Markovian time
evolutions. Z. Wahrsch. Verw. Gebiete 39:339-352 (1977).
12. T. Shirai and Y. Takahashi, Random point field associated with certain Fredholm determinant I :
fermion, Poisson, and boson point processes. J. Funct. Anal. 205:414-463 (2003).
13. T. Shirai and Y. Takahashi, Random point field associated with certain Fredholm determinant II :
fermion shift and its ergodic and Gibbs properties. Ann. Prob. 31:1533-1564 (2003).
14. T. Shirai and Y. Takahashi, Private communication.
15. A. Soshnikov, Determinantal random point fields. Russ. Math. Surv. 55:923-975 (2000).
16. H. J. Yoo, Gibbsianness of fermion random point fields. Math. Z. 252(1):27-48 (2006).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


